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Abstract

This paper presents an analytical solution to an extended version of the classical lifeguard
problem, incorporating the effects of water current. The problem involves determining the
optimal path for a lifeguard to reach a drowning swimmer who is being carried by a current.
Unlike the classical problem, which has been well-studied in the context of Snell’s law and
Fermat’s principle, this extended version introduces additional complexity through the vector
addition of velocities. This paper derives the complete mathematical solution, presents
numerical methods for practical applications, and analyzes the behavior of the system under
various parameter regimes. The results demonstrate how the optimal rescue path deviates from
the classical solution due to the presence of current, providing practical insights for real-world
rescue scenarios.

1. Introduction

The lifeguard problem is a classic example in optimization theory that elegantly demonstrates
the application of variational principles in practical scenarios. In its traditional form, first analyzed
through the lens of Fermat'’s principle, it deals with finding the optimal path for a lifeguard to
reach a stationary swimmer, given different velocities on land and in water. In its description, a
lifeguard is positioned on the shore at a fixed-point L and must rescue a swimmer located at
point S in the water. The goal is to determine the optimal path that minimizes the total time
required to reach the swimmer. The lifeguard moves at different speeds on sand and water,
typically with a faster speed on sand (Vs) and a slower speed in water (Vw ). The problem is
further complicated by the presence of a straight shoreline, which serves as a boundary
between the two terrains.

The lifeguard must decide at which point along the shoreline to enter the water to minimize the
overall travel time. This decision creates a non-trivial tradeoff: entering the water too soon
results in a longer and slower swim, while running too far along the shore increases the land
travel distance, potentially offsetting the advantage of faster movement on sand. The classical
lifeguard problem has been extensively studied, with its solution showing remarkable parallels to
Snell’s law in optics. The traditional solution demonstrates that the optimal path is not the
shortest geometric path but rather the path that minimizes total travel time. This principle,
analogous to Fermat'’s principle of least time in optics, has been well-documented in existing
literature.

1.1 Extension to Include Current

Real-world rescue scenarios often involve additional complexities, particularly water currents
that affect both the swimmer’s position and the lifeguard’s swimming velocity. Therefore, this
paper extends the classical problem by introducing a uniform water current. This addition
creates several significant complications: the swimmer’s position becomes time-dependent, the
lifeguard’s effective swimming velocity becomes a vector sum, and the optimal path must
account for both spatial and temporal aspects of the rescue.
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1.2 Problem Statement

We consider a coordinate system where the shoreline is represented by the line ¥ = YL, the
lifeguard’s initial position is L(X, 0), the swimmer’s initial position is S(0, yS), the current flows
parallel to the shore with velocity u, the lifeguard’s running speed is VL, the lifeguard’s
swimming speed in still water is Y, and the ratio k=wvr/ow > 1 meaning the lifeguard is
faster on land than in water. The objective is to find the optimal entry point P(z,yL) that
minimizes the total rescue time.
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Figure 1: Schematic Representation

2. Mathematical Analysis
2.1 Vector Velocity Analysis

The effective swimming velocity must be analyzed as a vector sum:

Vof x = Vi COS O + u

Vet y = Uy Sin 6

_ / 2 2
Vet = [Vefrx T Vefry

where @ is the angle between the swimming direction and the horizontal ¥ = YL.
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O

Velocity Vector Addition:
veff_x=vWcos8+u
veff_y = vW sin ©

Figure 2: Effective velocity of the lifequard in the water

2.2 Time Components

The total rescue time 7' consists of two components:
T= Trun + Tswim

The running time is given by:

\/(x —x)%+ YLZ
Trun = v
L

The swimming time must account for the moving target and is given by:

Dswim
T. =
Swim Ueff
where Dswim is the effective swimming distance and Vet is the magnitude of the effective

velocity vector.
2.3 Derivation of the Governing Equation
Starting from the principle of least time, we can write:

or

—=40
dx
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This leads to a fourth-order polynomial equation in z:

(k? — Dx* — 4au(k? — 1)x3 + x2[5(k* — 1) + u?] + 4ax — 4a’> = 0

where a is a scaling parameter defined as ¢ = Ys/Yr. For practical values of the parameters,
this equation can be solved using several approaches. Notably, this list includes direct numerical
solutions, perturbation theory for a small u, or asymptotic analysis for a large k.

3. Numerical Analysis
3.1 Small Current Approximation
For © < Yw, we can use perturbation theory such that

x = x +ux; +ulx, + 0(u?)

where 2o is the classical solution without current:

x0=xL+yL\/k2—l

3.2 Moderate Current Solution

For practical rescue scenarios (0-2vw < u < 0.5vw) numerical methods provide the most
reliable results. We implement a Newton-Raphson iteration scheme such that

f(x)

Xn+1 = Xp —m
n

where /(%) is our governing equation and f'(®) its derivative.

3.3 Strong Current Analysis

For strong currents (u> O-5UW), it should be noted special consideration must be given to the
existence of solutions, multiple solution branches, and the physical feasibility of the setting.

3.4 Connection to Snell’s Law

The extended lifeguard problem maintains a deep connection to Snell’s Law, even with the
addition of current. In the classical case (u = 0), the relationship is direct:

sinB; sinB,

U1 )
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This is analogous to Snell’'s Law in optics:
n,sinB; =n, sinb,

where "1 and "2 are refractive indices. The addition of current modifies this relationship to:

sin 0, sin 0,
vy Jvi + u? + 2vyu cos B,
vz (s¥imming) n;

o)\
o

v; (running) n,
Lifeguard Problem ¢ Snell's Law

sin B1/vy = sin B/v; <> nysin 81 = n,sin B,

Figure 3: Parallels between the Lifeguard Problem and Snell’s Law
This modified form resembles Snell’s law in moving media, as studied in relativistic optics.
3.5 Numerical Examples

Let’s consider some practical scenarios. In Example 1 (a typical beach rescue), we define the
parameters as follows: running speed (V1) = 5 m/s, swimming speed (V2) = 2 m/s, current speed
(u) = 0.5 m/s, distance to shore (YL) = 10 m, distance to swimmer (¥s) = 20 m, and lifeguard
position (1) = 0 m. With these numbers, we can compute the following solution: the optimal
entry point is at z = 15.3 m, the total rescue time takes 12.7 seconds, and the effective
swimming angle is at 32.4°.

In Example 2 (a strong current scenario), we keep the same parameters except we let © = 1.0
m/s. With this one changed parameter, we can compute the following solution: the optimal entry
point is at = 18.7 m, the total rescue time takes 15.9 seconds, and the effective swimming
angle is at 28.1°.

In Example 3 (a professional rescue scenario), we define the parameters as follows: running
speed (V1) = 8 m/s, swimming speed (V2) = 3 m/s, and current speed (u) = 0.5 m/s. With these
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changed parameters, we can compute the following solution: the optimal entry pointis at = =
13.2 m, the total rescue time takes 9.4 seconds, and the effective swimming angle is at 35.8°.

4. Results and Discussion
4.1 Effect of Current Strength

Our analysis reveals several key findings regarding the influence of current strength. For weak

currents (U < O-QUW), the solution closely resembles the classical case of the Lifeguard
Problem and the optimal entry point shifts slightly downstream. Additionally, total rescue time

increases approximately linearly. For moderate currents (02vp <u < 0-5UW>, there is a
significant downstream shift in entry point and a nonlinear increase in rescue time. Furthermore,

the optimal path becomes notably curved. For strong currents (u > 0-5UW), multiple solution
branches may exist and there exists a critical threshold for successful rescue. Notably, in the
case of strong currents, the outcome is highly sensitive to initial conditions.

4.2 Parametric Dependencies

Furthermore, the solution shows distinct behaviors in different parameter regimes. For a speed

ratio & = UL/UW, higher £ values push the entry point closer to the swimmer and there exist
diminishing returns for £ > 4. A critical k£ value exists for each current strength. Regarding

geometric factors, a depth ratio Ys/yr strongly influences the optimal path. Additionally, the
shore distance affects the relative importance of the running phase, and current effects scale
with distance to the swimmer.
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Figure 4: Behavior of f(2) for various k values.
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Figure 5: Behavior of Angles for various k values

4.3 Practical Implications

Our analysis yields several practical guidelines for rescue scenarios. For weak currents, the
lifeguard should enter at approximately three-fourths of the direct distance between them and

the swimmer, and there should be added a small downstream correction = u(ys — yr)/vw . For
moderate currents, the lifeguard should enter at approximately two-thirds of the direct distance
between them and the swimmer, and there should be added a downstream correction =

L5u(ys — yr)/vw . For strong currents, the lifeguard should enter significantly earlier than the
base case and should aim for a point approximately «1" upstream of the predicted position.

5. Conclusions

This extension of the classical lifeguard problem reveals several important features. To start, the
presence of current fundamentally changes the nature of the optimal solution. Additionally, the
problem evidently exhibits rich mathematical structure, including multiple solution regimes,
critical parameter values, and nonlinear behaviors. Finally, practical rescue strategies must
account for current strength relative to swimming speed, distance to the swimmer, and available
running distance for the lifeguard.

Regarding error analysis and stability considerations, the numerical solution’s accuracy depends
on initial guess quality, parameter regime, and convergence criteria. Additionally, special
attention must be given to the existence of multiple local minima, boundary conditions, and
singular cases.

5.1 Future Work

Several aspects of the Lifeguard Problem warrant further investigation. To start, extension to
non-uniform currents—where the current speed is a function of distance from the shore—with
boundary conditions that the current is zero at the shore and maximum at the center of the river
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width can be explored. Additionally, incorporation of wave effects and optimization with variable
swimming speed can be investigated, and finally, there could exist an analysis of
three-dimensional scenarios within the problem.
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